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Abstract 

The non-isospectral problem (Lax pair) associated with a hierar¬ 
chy in 2-1-1 dimensions that generalizes the well known Camassa-Holm 
hierarchy is presented. Here, we have investigated the non-classical 
Lie symmetries of this Lax pair when the spectral parameter is con¬ 
sidered as a field. These symmetries can be written in terms of five 
arbitrary constants and three arbitrary functions. Different similarity 
reductions associated with these symmetries have been derived. Of 
particular interest are the reduced hierarchies whose 1-1-1 Lax pair is 
also non-isospectral. 


1 Introduction 

The identification of the Lie symmetries of a given partial differential equa¬ 
tion (PDE) is an instrument of primary importance in order to solve such 
an equation [21]. A standard method for finding solutions of PDFs is that 
of reduction using Lie symmetries: each Lie symmetry allows a reduction 
of the PDE to a new equation with the number of independent variables 
reduced by one [6], [18]. To a certain extent this procedure gives rise to the 
ARS conjecture [2], which establishes that a PDE is integrable in the sense 
of Painleve [19] if all its reductions pass the Painleve test [22]. This means 
that the solutions of a PDE can be achieved by solving its reductions to 
ordinary differential equations (ODE). Classical [21] and non-classical [6], 
[18] Lie symmetries are the usual way for identifying the reductions. 

2 The 2+1 Camassa-Holm Hierarchy 

Lax pair 

A generalization to 2 -|- 1 dimensions of the celebrated Camassa-Holm hi¬ 
erarchy (henceforth CHn2-|-l) was presented in [10]. By using reciprocal 
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transformations, this hierarchy was proved to be equivalent to n copies of 
the AKNS equation in 2+1 variables [9], [16]. It is well known that the 2+1 
AKNS equation has the Painleve property, and its non-isospectral Lax pair 
can be obtained by means of the singular manifold method [9]. Therefore 
we can use the inverse reciprocal transformation to obtain the Lax pair of 
CHn2+l [10]. This Lax pair is also a non-isospectral one that can be written 
in terms of n + 1 fields as follows: 

tpxx “ Q “ ^ ^ 

ijjy - + -M^X - = 0 , ( 1 ) 

where 

n 

i = (2) 

i=i 

and 

M = M{x,y,t), j = l...n. 

Non-isospectrality and equations 

The compatibility condition between equations (1) yields the non-isospectral 
condition 

Aj, - A^At = 0, A^ = 0, (3) 

as well as the equations 

My = - Utl 

Mt = + 2MC/W (4) 

+ 2MC/W = j = 2..n. 


Recursion operator and hierarchy 


The above equations can be written in more compact form by defining the 
operators: 


d d 
dx dx ^’ 

Equations (2.4) are therefore: 


K = + ^M. 

ox ox 


( 5 ) 


My = JC/N 

Mt = AT/W (6) 
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j = 2..n 


which yields the hierarchy: 

My = R^Mt (7) 

where the recursion operator is: 

R = JR-^. (8) 

Solutions of these equations were studied in [11], The positive and negative, 
[1], [5], 1 + 1 Camassa-Holm hierarchies can be obtained by setting ^ ^ 

or ^ ^ respectively [10]. 

The n = —1 case of (5) has been considered in [5] and [14]. There are also 
different generalizations of the Camassa-Holm hierarchy to 2 +1 dimensions 
arising from different (although isospectral) spectral problems [15], [20]. 

3 Non classical symmetries of the CHn2+l spec¬ 
tral problem 

Lie point symmetries 

Here, we are interested in the Lie symmetries of the Lax pair (1). Natu¬ 
rally, the symmetries of equations (2.4) are interesting in themselves, but we 
also wish to know how the eigenfunction and the spectral parameter 
transform under the action of a Lie symmetry. More precisely, we 
wish to know what these fields look like under the reduction associated with 
each symmetry. This is why we shall proceed to write the infinitesimal Lie 
point transformation of the variables and fields that appear in the spectral 
problem (1). We have proved the benefits of such a procedure [17] in a 
previous paper [12]. 

In the present case, it is important to note that the spectral parameter 
X{y,t) is not a constant, and therefore that it should be considered as an 
additional field satisfying (3). This means that we are actually looking for 
the Lie point symmetries of equations (1) together with (3). 

The infinitesimal form of the Lie point symmetry that we are considering 
is: 


x' = X + + 0{s‘^) 

y' = y + e^ 2 {x,y,t,X,'^,M,U^^^) + 0{e'^) 

t' = t + ei^{x,y,t,X,'ip,M,U^^) + 0{£^) (9) 
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'ijj' = 'll) + + 0{e^) 

A' = A + e(/)2(x,y,t, + 0(e^) 

M' = M + eQo{x,y,t,X,)lj,M,U^^) + 0{e^) 

([/[*])' = C/W+e0j(a;,y,t, A,V',M,C/[-^l)+0(e^), i,j = l..n. 


where e is the group parameter. The associated Lie algebra of infinitesimal 
symmetries is the set of vector fields of the form: 


d d d d d d 




d 


i=i 


5C/b1 


( 10 ) 


We also need to know how the derivatives of the fields transform under 
the Lie symmetry. This means that we have to introduce the “prolongations” 
of the action of the group to the different derivatives that appear in (1) 
and (3). Exactly how to calculate the prolongations is a very well known 
procedure whose technical details can be found in [21]. 

It is therefore necessary that the Lie transformation should leave (1) and 
(3) invariant. This yields an overdetermined system of equations for the in¬ 
finitesimals Ci(x, y, t, X, ijj, M, C/W), 6(x, y, t, A, ip, M, ^ 3 (x, y, t, X, ip, M, 
(pi{x,y,t, X,ip,M, t/W), (p 2 {x,y,t, X,ip,M, C/W), and Qi{x,y,t, X,ip,M, t/W). 

This is the classical method [21] of finding Lie symmetries, and it can 
be summarized as follows 


• Calculation of the prolongations of the derivatives of the fields that 
appear in (1) and (3). 

• Substitution of the transformed fields (9) and their derivatives in (1) 
and (3). 

• Set all the coefficients in e at 0. 

• Substitution of the prolongations. 

• P^xxj'ipy and Xy can be substituted by using (1) and (3). 

• The system of equations for the infinitesimals can be obtained by set¬ 
ting each coefficient in the different remaining derivatives of the fields 
at zero. 
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Non-classical symmetries 

There is a generalization of the classical method that determines the non- 
classical or conditional symmetries [6], [18]. In this case we are looking 
for symmetries that leave invariant not only the equations but also the so 
called “invariant surfaces”, which in our case are: 

= ili’x + 6V’t/ + 

<t>2 = 

00 = + ^2My + (11) 

0, = j = l..n. 

These non-classical symmetries are the symmetries that we address be¬ 
low. The method for calculating these symmetries is the same as the one 
we have described for the classical ones complemented with equations (11), 
that must also be combined with step 4 to eliminate as many derivatives 
of the fields as possible, depending on whether all of the are different 
from zero or not. This is why we have to distinguish three different types of 
non-classical symmetries. 

• ?3 = 1 - 

• ?3 = 0 , ,^2 = 1 - 

• 6 = 0, 6 = 0, Cl = 1- 

Note that owing to (11), there is not restriction in selecting Cj = 1 when 
Cj 7 ^ 0 [18]. In the following sections we shall determine these three types of 
symmetries of the Lax pair and its reduction to 1 -|- I dimensions by solving 
the characteristic equation 

dx dy dt dijj dX dM dU^^ , , 

Cl C 2 C 3 4>i 4>2 00 ©j 

The advantage of our approach of working with the Lax pair instead of the 
equations of the hierarchy lies in the fact that we can obtain the reduced 
eigenfuntion and the reduced spectral parameter at the same time, which 
as we shall see, in many cases is not a trivial matter. The equations of 
the reduced hierarchies can be explicitly obtained from the reduced spectral 
problem and we shall write them in all the cases. 

Of course the calculation of the symmetries is tedious , and we have used 
the MAPLE symbolic package to handle these calculations. For the benefit 
of the reader, we shall omit the technical details. 


5 



4 Non-classical symmetries for ^3 = 1 

Calculation of symmetries 

In this case (11) allows us to eliminate the derivatives with respect to t 


i’t = </>l - - ^2'lpy 

At = (/>2 — 

Mt = (13) 

^7^1 = Oj - j = l..n. 


If we add (13) to the five steps listed above for the calculation of non- 
classical symmetries, we obtain (after long but straightforward calculations) 
the following symmetries: 


6 

^3 

4>i 

4>2 


00 


01 


where 


53 

53 

1 

1 

1 

1 

1 

1 


Ids 


2 dx 
as — 0-2 
n 


dSi 

- 2 ^ + 


+ aoj Ip 

A 

02 — 03 


dx 




dSi 

dx 


dSi 

dx 


n 

as 


M 

dSi 


02 - 


J - 1 


n 


as 


i=2..n, 

n J 


(14) 


= Si{xS) = Ai{t)+Bi{t)e^+ Ci{t)e-^, 

52 = 52 ( 1 /) = 02?/+ 62 , (15) 

Ss = 53 (t) = Oat 63 . 


4i(t), i?i(t), C'i(t) are arbitrary functions of t. Furthermore, oq , 02, 62, ^ 3 ) 
are arbitrary constants, such that 03 and 63 cannot at the same time be 0 . 
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Classification of the reductions 

We have, therefore, several different reductions depending on which arbi¬ 
trary functions and/or constants are or are not zero. We shall use the 
following classification 

• Type I: Corresponding to selecting Ai{t) / 0, Bi{t) = Ci{t) = 0. 

• Type II: Corresponding to selecting Bi{t) 7 ^ 0, Ai{t) = Ci{t) = 0. As 
we shall show in Appendix I, this case yields the same reduced spectral 
problems as those obtained for Type I, although the reductions are 
different. 

• Type III: Corresponding to selecting Ci{t) / 0, Ai{t) = Bi{t) = 0. It 
is easy to see that this case is equivalent to II owing to the invariance 
of the Lax pair under the transformation x —x, y —y, t —)• —t. 
Below we only consider cases I and II. 

In each of the cases listed before we have different subcases, depending on 
the values of the constants Oj and bj. We have the following 5 independent 


possibilities: 



• Case 1: 02 = 0, 

03 = 0 ; 

62 = 0 . 

• Case 2 : 02 = 0, 

03 = 0 ; 

62 7 ^ 0 . 

• Case 3: 02 = 0, 

03 7^ 0 ; 

62 = 0 . 

• Case 4: 02 = 0, 

03 7^ 0 ; 

62 7 ^ 0 . 

• Case 5: 02 7 ^ 0; 




We can obtain 5 different non-trivial reductions: Li i = 1..5. We shall see 
each reduction separately by obtaining the reduced variables, the reduced 
fields, the transformation of the spectral parameter and the eigenfuction 
and, finally, the reduced spectral problem and the corresponding reduced 
hierarchy. Furthermore, there are several interesting reductions, especially 
those that also have a non-isospectral parameter in 1 -|- 1 dimensions . Let 
us summarize the results: 

I.l) Bi ( t ) = Ci { t ) = 0, Ai [ t ) 7^ 0, 02 = 0, 03 = 0, 62 = 0- 

By solving the characteristic equation (12), we have the following results 
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• Reduced variables: zi = x — f Ai(t) dt^ Z 2 = y 

• Spectral parameter: \{y, t) = Aq 

• Reduced Fields: 

/ / A£a^\ 

y, t) = e V ^3 / e V ^3 ) (l>[zi,Z2) 

M{x,y,t) = H{zi,Z2) 

[/W(x,y,t) = RW(zi,Z2)-^ 


• Reduced Spectral problem: 


where 



^>.2 + 


- 1 $ = 0 

-^<h = 0 
2 


i=i 


(16) 

(17) 


Reduced Hierarchy: The compatibility condition of (16) yields: 
53 rN OH 


dzf 

^dvw 

dzi 

ai/b+h 

dzi 


2H 


2H 


821 ^ 822 “ 

+ = 0 

UZl 


(18) 


+ 128 + 11 ^+?!ih 

dzi dzf 


dzi 


= 0 . 


which is the positive Camassa-Holm hierarchy, whose first com¬ 
ponent (n = 1) is a modified Dym equation [1], [10]. 


1 . 2 ) Bi{t) — C'i(t) — 0, Ai{t) 7^ 0, 02 — 0, 03 — 0, 62 7^ 0. 

By solving the characteristic equation (12), we have the following results 
• Reduced variables: zi = x — f Ai{t) dt, -^2 = ^ ^ 
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• Spectral parameter: A(?/, t) = Aq 

• Reduced Fields: 


i^{x,y,t) = e 
M{x,y,t) = 

U^^\x,y,t) = 
C/W(x,y,t) = 


aot \ / AgaoZ2 \ 

&3 j eV^ + ^o/ ^{zi,Z2) 


62 \ ^ ^ 

h) 


H{zi,Z2) 




63 




V^\zuZ2) 


• Reduced Spectral problem: 

- (j - $ = 0 

d>,,(l + A^) + Rci>,,-^ci> = o (19) 

where 

n 

^ = ( 20 ) 

i=i 


Reduced Hierarchy: The compatibility condition of (19) yields: 

53 yN gyin] qjj 


dz\ 


dzi 


+ — — 0 
0 Z 2 


+ + f = 0 

OZI OZI 0 Z 2 

uZi ozi dzf 


( 21 ) 


dzi 


= 0 . 


1 . 3 ) Bi{t) — Ci{t) — 0, Ai{t) 7 ^ 0, 02 — 0, 03 7 ^ 0, 62 — 0. 

By solving the characteristic equation (12), we have the following results 
• Reduced variables: zi = x — f dt, Z 2 = a^y 
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• Spectral parameter: In this case the reduction of the spectral param¬ 
eter is a non-trivial one that yields 

A(y,t) = S^"\{z2) 

where A{z 2 ) is the reduced spectral parameter. 


• Reduced Fields: 


= A{ z 2)^ “3 ) <!>{ zi ,Z2) 

M{x,y,t)=S^ '^'^H{zi,Z2) 

C/W(x,y,t) = ^V^^^{zi,Z2) - ^ 

u^^Hx,y,t) = 03 (^ 1 ,^ 2 ) 


Reduced Spectral problem: 


-:^4. = 0 


where 

n 

^ = ^A(z2)(’"-^'+1VW(21,22) 

j=l 

and A[z 2 ) satisfies the non-isospectral condition 

dk{z2) 


n- 


dZ2 


- A(^2)^' 


n-l-1) _ 


= 0 


( 22 ) 

(23) 


(24) 


Reduced Hierarchy: The compatibility condition of (22) yields the 

autonomous hierarchy: 


53 rN ORM dH_ 


dz\ 


2H 


2H 


dzi 
dRb+i] 
dzi 


+ Q + — = 0 

UZl 


n 


(25) 


dzi dzf 


dRb'l 

dzi 


= 0 . 
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1.4) Bi{t) = Ci{t) = 0, Ai{t) 7 ^ 0, 02 = 0, 03 7 ^ 0, 62 7 ^ 0. 

By solving the characteristic equation (12), we have the following results 

• Reduced variables: zi = x — f dt, Z 2 = ^ — ln(53) 

• Spectral parameter: In this case the reduction of the spectral param¬ 
eter yields 

A(z 2 ) 

where A{z 2 ) is the reduced spectral parameter: 

• Reduced Fields: 


'4^{x,y,t) = A(^2)^ “3 ) ^(^zi,Z2) 

Af(x,y,t) = H(zi,Z2) 

[/W(x,7/,t) = ||rW(zi,Z 2 ) - ^ 

U^^\x,y,t) = V^^^{zi,Z2) 


Reduced Spectral problem: 


ch,, (1 + A{z2r) + - %<!> = 0 


where 

n 

B = V^^Hzi,Z2) 

i=i 

and A(z 2 ) satisfies the non-isospectral condition 

n(l + A(z2)")^-A(z2)”+i=0 
a Z2 


(26) 


(27) 


(28) 
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Reduced Hierarchy: The compatibility condition of (26) yields: 
53 rN QH 


dzi dz2 


= 0 


dzf 

ayW OH H dH 

2i7^—+ hW—+ —+ —= 0 29 

ozi ozi n 0Z2 

dv^ w cpyiii ava _ 

dzi dzi dzf dzi 

Therefore, although the Lax pair is non-isospectral, the re¬ 
duced hierarchy is autonomous 

1 . 5 ) Bi{t) = Ci{t) = 0 , Ai(t) 7^ 0 , 02 7^ 0 

By solving the characteristic equation (12), we have the following results : 

a2 


Reduced variables: zi = x — f dt, Z 2 = S2 

Spectral parameter: In this case the reduction of the spectral param¬ 
eter yields 

/ 03 — 02 


A(y,t) = 53^ 
where ^s.{z 2 ) is the reduced spectral parameter: 
Reduced Fields: 


noo 


( 0-0 


^(x,y,t) = A(z 2)^^3 «2/5'V«3/ $(2:1,Z2) 

/ 02 - 03 ^ 

M(x,y,t)= 53 ^ J h{zi,Z 2 ) 

[/W(x,y,t) = RW(2 i,22) - ^ 

f (Q 3 -«2)(j - 1) \ 

U^^Kx,y,t) = ( 1 ^) 53^ “30 'v^^\z,,Z 2 ) 
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Reduced Spectral problem: 


^2121 


1 A(z 2 ) 


u> = 0 


^2 


CD,, (1 + Z 2 KZ 2 T) + = 0 


where 


i=i 

and A(z 2 ) satisfies the non-isospectral condition 

clA 


n(l + Z 2 A{z 2 D- 


O 3 — 02 


A(z 2 )^' 


n+1) _ 


= 0 


(30) 

(31) 

(32) 


(33) 


dZ2 02 

Reduced Hierarchy: The compatibility condition of (30) yields: 

53 rM dl/M dH_ 

dzf dzi dz2 

+ + + = 0 

ozi ozi 02 n 0 Z 2 

dv^ w , avw _ = 0. 

dzi dzi dz\ dzi 

the Lax pair is non-isospectral and the rednced hierarchy is 
non-autonomous 

Note that the singularity, which apparently appears in the reductions 
when 03 = 0 , can be easily removed by considering that 


lim, 


C13—>^0 


h 


— J/h 


= e 


We refer readers to Appendix I so that they can check that the spectral 
problems obtained in case II are not different from those of case I 


5 Non classical symmetries for ^3 = 0, ^2 = 1 

5.1 Calculation of the symmetries 

We can now write 


l/jy = (j)l- 
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( 34 ) 


Aj/ — 4>2 

My = 00 

j = l..n 


We can combine (34) with (3) and (2.4). This allows us to remove 'tjjxx,'4’y, '4’t^ 
At, My, Uy from the equation of the symmetries. In this case, we obtain the 
following symmetries 


6 

6 

h 

4>2 


00 


01 

0 . 


52 

1 

0 

1 

1 

1 

1 

~S2 

1 


2 dx 
- 0-2 
n 


+ ao] Ip 


A 


n^ 5 l ^ 

dx n 


C/[i] 

dSi 

dx 


dSi 


M 

dSi 


dx J dt 
J-1 


- 02- 


n 


j = 2..n. 


(35) 


where 5i and S 2 are those given in (15). 

Evidently we should consider that 02 and 62 cannot be 0 at the same 
time. 


Classification of the reductions 

In this case, one of the reduced variables is t. This means that the integrals 
that involve 5i can be performed without any restrictions for the functions 
Ai{t), We have four different cases 

IV.l: 02 = 0, E= - ABiCi = 0. 

• Reduced variables: A = f Z 2 = -^ 

• Spectral parameter: A(y, t) = Aq 
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• Reduced Fields: 


f ^ 


apt 


M{x,y,t) = 


H{zi,Z2) 

s! 


^( 21 , 2 : 2 ) 


C/W(x,y,i) = + 5’i^ 

U^^\x,y,t) = ^ ( 21 , 2 : 2 ) 


dx \ 
Si{x,t)) 


• Reduced Spectral problem: 

= 0 

A^cD^, = (^-!)<!>,,-^ci> (36) 

where 

n 

B = Y,X^o~'^^^y^'Hzi,Z2) (37) 

i=i 


Reduced Hierarchy: The compatibility condition of (36) yields the 

autonomous hierarchy: 

53 rN dH 


2H 


2H 


dz\ dzi 

aR[il 


= 0 


dzi 
5Rb+il 

521 


OZ 2 


dzi 

+ yB+il5^ + ^ 

521 52i 


(38) 


= 0 . 


IV.2: 02 = 0 , E= - ABiCi ^ 0 . 

• Reduced variables: zi = E (^f ^ , ^2 = -^ f E{t) dt 

• Spectral parameter: \{y, t) = Aq 

• Reduced Fields: 

_ / f apt \ 

'ip{x,y,t) = \ ^ eX ^2 / gV^ 2 Ao/ ^(^zi,Z 2 ) 

V E 
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Mix,y,t) = -^H{zi,Z 2 ) 


t/W(x,y,i) yW(zi,Z 2 ) + Si^^ {J Siix,t)) +'^1^2^! 


C/[^l(x,y,t) = ^V^^\zi,Z2) 
02 


Reduced Spectral problem: 


Aq 






where 


= (S-I)cl>,,-^ci> 


i=i 


(39) 


(40) 


Reduced Hierarchy: The compatibility condition of (39) yields the 

autonomous hierarchy: 


53 yN Qy[n\ Qff 


dzf 


dzi dzi 


= 0 


UZi uZi UZ2 

+ yU+il^ + ^ ^ = 0. 


(41) 


dzi 


dzi dz\ 


dzi 


which is the celebrated negative Camassa-Holm hierarchy [1], [3], 
[4], [5]. 


IV.3: 02 ^ 0, E= = 0. 


Reduced 


variables: zi = j 


— r In(52) ^ _ 


^2 


, Z2=t 


Spectral parameter: X{y,t) = 5^ ""'A{z 2 ) where A{z 2 ) satisfies the 
non-isospectral condition 

dK{z2) 


n- 


dZ2 


+ a2A(z2)(^-”) = 0 
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• Reduced Fields: 


/ apn \ 

'ip{x,y,t) = X ^{zi,Z2) 

o(^) 

Mix,y,t) = -^^H{zi,Z2) 

!/W(x,!,,t) = s. vm(z,.z,) + s4 (/ s^) 

U^^\x,y,t) = Si V^^\zi,Z2) 


Reduced Spectral problem: 




A{z2r<^,, = 0-i)^,,-^^ 


where 

n 

i3 = J^A42)("-^'+'Vb'l(zi,22) 

i=i 


(42) 

(43) 


Reduced Hierarchy: The compatibility condition of (42) yields the 

autonomous hierarchy: 

QSyi^ 


_^ + ^H = 0 
ozf ozi n 

UZi UZ2 


2H 


dzi 

Oyb+i] 

dzi 


(44) 


dzi dz\ 


= 0 . 


IV.4: 02 4 0, E= ^A\ - ABiCi 4 0. 

• Reduced variables: zi = E , Z 2 = f E(t) dt 

• Spectral parameter: X{y,t) = *52 " E{z 2 ) where A(z 2 ) satisfies the 
non-isospectral condition 


dK{z2) , 

n —:-h 


02 


dZ2 E{z2) 


A{z20-^'> = 0 
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• Reduced Fields: 


= Y ^ aV J ^{zi,Z2) 

M{x,y,t) = H{zi,Z 2 ) 

U^^\x,y,t) = sM^\zuZ2) + Si 


aon\ 


dt 


dx \ 


U^^^{x,y,t) = SiSi'-K^^^izi,Z2) 


Reduced Spectral problem: 


^2121 + 


f Mz2) 


H--]^=0 


^2 


where 


A{z2r^., = {B-l)^,,-^<^ 


i3 = ^A(z 2 )(’""^'+^V[^'l(zi, 22 ) 
i=i 


(45) 


(46) 


Reduced Hierarchy: The compatibility condition of (45) yields the 

non-autonomous hierarchy: 


53 yN Qyln] Qjj 0,2 _ 

dz\ dzi dz\ nE{z2) 

OZI OZI 0Z2 

2hAE1 + vB+ 11 ^ I ava _ ^ 

dzi dzi dzf dzi 


(47) 


6 Non classical symmetries for ^3 = ^2 = 0, = 1 

We can now write 


i^x = (t>i 

M, = 00 (48) 

[/W = 0,- j = l..n 
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This is not a case of particular interest because the resulting symmetries 
are: 


6 = 1 
6 = 0 
6 = 0 

4)1 = - ^1 ± z\/2AM^ 4 (49) 

02 = 0 
00 = -2M 
0, = j = l..n, 

which holds only if Mt = My = 0 and yields the following reductions: 

zi = y, Z 2 = t 

A(y,t) = Mzi,Z2) 

/ x± iy/2AHoe~^ \ 

0 = e V ^ / <h(zi, Z2) 

M{x,y,t) = 

U^^\x,y,t) = e^V^^\zi,Z 2 ), j = l-.n, 

and it is easy to see that (50) satisfies (2.4) for Z 2 )i {j 

trary and Hq constant. 

7 Conclusions 

• We started with the spectral problem (although non-isospectral) asso¬ 
ciated with a Camassa-Holm hierarchy in 2 -|- 1 dimensions 

• Non-classical Lie symmetries of this CHn2-|-l spectral problem have 
been obtained. 

• Each Lie symmetry yields a reduced spectral 1-1-1 problem whose 
compatibility condition provides a 1 -|- 1 hierarchy. 

• The main achievement of this paper is that our procedure also provides 
the reduction of the eigenfunction as well as the spectral parameter. In 
many cases, the reduced parameter also proves to be non-isospectral, 
even in the 1-1-1 reduction [13]. 


(50) 

(51) 

= l..n) arbi- 


19 





• There are several different reductions but they can be summarized in 9 
different non-trivial cases: Li (i=1..5) and IV.j (j=1..4). Five of these 
hierarchies (1.3,1.4,1.5,IV.3,IV,4) have a non-isospectral Lax pair and 
two of them (LI and IV.2) are the positive and negative Camassa- 
Holm hierarchies respectively. The equations for all these reduced 
hierarchies have been explicitly written in each case. 
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Appendix 

Let us go on to prove that the reduced hierarchies obtained by means of the 
reductions related to the symmetries of type II are the same as type I, even 
though the reductions of variables and fields are different. 

II. 1 ) Ai[t) = Ci{t) = 0, Bi[t) 7^ 0, 0,2 = 0, 03 = 0, 62 = 0. 

The reductions are now 

• Reduced variables: zi = —In ^ / Bi{t) dt^ , Z 2 = y 

• Spectral parameter: X{y, f) = Aq 

• Reduced Fields: 

'f{x,y,t) = e\^'i J eX ^3 ) •^izi,Z 2 ) 
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h{zi,z2) 

C/W(x, 2 /,t)= yW(zi,Z 2 )-^e" 

U^^\x,y,t) = V^^\zi,Z2), 

which yield the same spectral problem as in case I.l. 

11.2) Ai[t) = Ci{t) = 0, Bi[t) 7 ^ 0, (i2 — 0, 0-3 = 0, ^2 7 ^ 0. 

This case affords the reductions 

• Reduced variables: zi = —In ^ / Bi{t) dt^ , -^2 = ^ ^ 

• Spectral parameter: X{y,t) = Xq 

• Reduced Fields: 

/Op A / AgaoZ 2 \ ^ 1 

Tp{x,y,t) = eV ^3 / e + -^0 / ^(-^1,2:2) 

C'Blp,!,,()= (i) gy " ’ vV\,uz,). 

and the spectral problem is the same as in 1.2. 

11.3) Ai[t) = Ci{t) = 0, Bi[t) 7 ^ 0, 02 = 0, 03 7 ^ 0, ^2 = 0. 

In this case, the reductions are 

• Reduced variables: zi = —In + f dt^, Z 2 = asy 

• Spectral parameter: In this case, the reduction of the spectral param¬ 
eter is a non-trivial one that yields 

A(y,t) = 53^"^A(2;2) 
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• Reduced Fields: 


i;{x,y,t) = k{z2)\ «3 Jsy^' (^yy^z,,Z2) 

M{x,y,t) = (yy H{zi,Z 2 ) 

C/W(x,y,t) = 03^3^ " V'^^\zi,Z2), 

and the spectral problem is exactly the same as in 1.3. 

II.4) Ai{t) = Ci{t) = 0, Bi{t) 7^ 0, 02 = 0, 03 7^ 0, ^2 7^ 0. 

We have the following results 

• Reduced variables; zi = —In + f dt^ , Z 2 = ^ — ln(53) 

• Spectral parameter: In this case the reduction of the spectral param¬ 
eter yields 

where k{z 2 ) is the reduced spectral parameter: 

• Reduced Fields: 

/ ^ , 

Hx,y,t) = A(2;2)^ “3 ) 5'V®3y <!>{zi,Z2) 

M{x,ii,t)=(k^ (^) H(z,,Z2) 

c;i‘i(x,s,t) = g vm(zi,z2) - 

S'-*) = I (f)* " * (^) VV\zuZ2), 

which yields the spectral problem 1.4. 
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II. 5 ) Ai{t) = Ci(t) = 0 , Bi{t) 7^ 0 , 02 7^ 0 

The same spectral problem 1.5 is obtained through the following reductions 


Reduced variables: zi = —In^e * + / dt 


Bi(t) 


^2 = ^2 ^3 


as 


Spectral parameter: In this case the reduction of the spectral param¬ 
eter yields 

/as — 02 


A(y,t) = 


asn 


Mz2), 


where A{z 2 ) is the reduced spectral parameter: 


• Reduced Fields: 


= A(z2)^“3-a2y 


noo 


( 

,V«3 


= 21 


^(zi,Z2) 


M(x,y,t) = ^ V^/ 

[/W(x,2/,t)= (^) vm{z,,Z2)-^e^ 

ySsJ Ve^V *53 

/ {a3-a2){j - 1 ) \ 

u^Hx,y,t) = (g) ^3^ ^ V^Hz1,Z2). 
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